We propose an approach to enhance and direct the spontaneous emission from isolated emitters embedded inside hyperbolic metamaterials into single photon beams. The approach rests on collective plasmonic Bloch modes of hyperbolic metamaterials which propagate in highly directional beams called quantum resonance cones. We propose a pumping scheme using the transparency window of the hyperbolic metamaterial that occurs near the topological transition. Finally, we address the challenge of outcoupling these broadband resonance cones into vacuum using a dielectric bullseye grating. We give a detailed analysis of quenching and design the metamaterial to have a huge Purcell factor in a broad bandwidth inspite of the losses in the metal. Our work should help motivate experiments in the development of single photon sources for broadband emitters such as nitrogen vacancy centers in diamond.
Introduction
Nanoscale light-matter interactions can be tailored using plasmonic approaches to have an impact on quantum information processing [1] . It has been conclusively demonstrated that propagating surface plasmon polaritons (SPPs) can possess non-classical properties such as entanglement [2] and squeezing [3] . Furthermore, inspite of the decoherence expected from losses and electron collisions, these properties are preserved during propagation and are manifested in the outcoupled photons [4] . Thus SPPs could potentially be used as a carrier of quantum information at the nanoscale [5, 6] .
One important application where plasmonics can play a key role is in the development of room temperature single photon sources [7, 8] . Isolated emitters like single dye molecules or quantum dots emit single photons however their efficiency is low for practical applications. The figures of merit for single photon sources are the collection efficiency which can be increased by directional spontaneous emission and the Purcell effect [16, 17, 18] . Deterministic out-coupling of single photons and tolerance to emitter positioning is another important factor affecting device performance [19] .
At low temperatures when the linewidth of the emitter is narrow, resonant routes using microcavities can provide the Purcell enhancement. The broadband nature of many quantum emitters such as nitrogen vacancy (NV) centers in diamond make them unsuitable for conventional resonant cavity based approaches [9] . The high index of diamond also leads to total internal reflection of photons and a poor collection efficiency (4 %) [10] . Therefore, the use of nanoplasmonic structures capable of a broadband Purcell effect is necessary for efficient extraction of single photons [11, 12] . Plasmonic metamaterials which engineer the spontaneous emission can also be used to enhance the absorption spectrum of the isolated emitter [13] . However, a significant limitation of any plasmonic approach is the presence of loss and non-radiative quenching [14] . Especially near the plasmon resonance, only a modest increase in quantum efficiency and collection efficiency is possible [15] . The key is to move away from resonant approaches and focus on low mode volume plasmons. We emphasize that for applications requiring indistinguishable photons, photonic crystal and narrowband cavity approaches are ideally suited whereas plasmonic/metamaterial approaches have an advantage for broadband applications.
In this paper, we show that tailored plasmonic metamaterials support collective modes which can efficiently channel single photons from an isolated quantum emitter to highly directional beams and simultaneously provide a broadband Purcell effect. Our design for the single photon source, compatible with emitters such as NV centers in diamond, takes into account all non-idealities in the structure arising from the finite patterning scale, absorption and dispersion. We also provide a detailed account of quenching and function away from resonance to achieve an efficient single photon source inspite of the losses.
Quantum Resonance Cones
Our approach relies on engineering the plasmonic Bloch modes of periodic metal-dielectric structures. Such 1D (multilayer) or 2D (nanowire) plasmonic crystals can behave as an effective metamaterial when the lattice spacing is far below the operating wavelength [20, 21, 22] . We consider a 1D multilayer metal-dielectric lattice as shown in Fig.1a . The short range propagating surface plasmon polaritons on each metal-dielectric interface couple leading to Bloch modes with unique properties not available in conventional photonic crystals. They are described by effective medium theory (EMT) in the metamaterial limit by a homogeneous medium that has a metallic dispersion along one direction but a dielectric dispersion in the perpendicular direction.
The multilayer structure behaves as an effective metamaterial slab with an extremely anisotropic dielectric tensor¯ = diag[ , , ⊥ ], where the directions are parallel and perpendicular to the above mentioned layers. Extraordinary plane wave propagation in uniaxial anisotropic media is governed by the dispersion relation
which describes an open hyperboloid ( Fig.1(b) ) when ⊥ < 0. These artificial media are known as hyperbolic metamaterials (HMM) [23] . They have the property of large momentum bulk propagating waves (high-k modes with unbounded magnitudes of k x and k z ) which arise due to surfaceplasmon-polariton Bloch waves in the plasmonic crystal. For ordinary materials such as glass with ⊥ > 0, the dispersion relation describes a bounded sphere and the magnitudes of k x and k z have an upper cut-off. Above this cut-off, waves are evanescent and simply decay away.
The Poynting vector in a medium is related to the normal vector to the dispersion relation (blue arrows in Fig.1(b) ). The Poynting vector for various plane waves in the HMM, given by
where k x and k z are related by the dispersion relation, eq. 1, lie within a narrow region known as the resonance cone. Thus energy flow due to the bulk plasmonic Bloch modes in this metamaterial is inherently directional. The half angle of the plasmonic resonance cone is given by [24] tan
Furthermore, for all the waves in the medium with wavevectors along the asymptotes of the hyperbola, the Poynting vectors point in the same direction. Since there are infinitely many waves (in the EMT limit) with wavevectors along the asymptotes of the hyperbola, a spatial crowding of Poynting vectors is expected in preferred directions ( Fig.1(b) ). This phenomenon has been observed in anisotropic plasmas [24, 25] and emulated in microwave metamaterial circuits [26] . Here, we consider the plasmonic equivalent of resonance cone behavior at optical frequencies. Below, and in the following sections we show that spontaneous emission from an isolated emitter is enhanced and directed into sub-diffraction resonance cones. The enhanced emission leads to single photon resonance cones which can be outcoupled to vacuum, thus allowing the study of non-classical light propagation in metamaterials and opening the route to quantum applications.
We consider the case of an emitter such as a quantum dot or dye molecule with a dipole transition, placed within the practical multilayer metal-dielectric metamaterial ( Fig.1(a) and energy tends to flow along the surface of the resonance cone θ ≈ θ RC (Fig.1(c)inset) 
Decay Rate Enhancement
Along with the directional nature of radiation, we show that a large Purcell factor in a broadband range is possible especially when the emitter is embedded inside the metal-dielectric multilayer structure. This enhancement is due to the combination of three effects: a) strong overlap of the plasmonic Bloch modes with the emitter b) presence of a large number of such modes and c) subwavelength confinement of the emitter. The plasmonic Bloch modes of the multilayer structure have a higher momentum than conventional SPPs even away from resonance. This leads to broadband enhancement in the local density of states and these modes are a new radiative decay channel for embedded dye molecules or quantum dots [27, 28, 29, 30] . This initial research into hyperbolic metamaterials has shown their potential for radiative decay engineering and here we consider the transmission of these modes for applications such as single photon sources.
In the quantum mechanical approach, the decay rate of a single emitter is given by
whereḠ(r 0 , r 0 , ω) is the Green's tensor of the electromagnetic wave-equation [31] , evaluated at the location of the quantum emitter with dipole moment µ. Here we use the semi-classical approach developed by Ford and Weber [14] which treats the quantum emitter as a radiating point dipole. Power Density The direction of power flow is normal to the isofrequency surface. In HMMs, the power flow of all high-k states tends to bunch and point in the same direction, thus forming resonance cones. (c) A quantum dot embedded in a HMM emits preferentially into high-k states within the resonance cone (λ = 800 nm). The Power Density and Poynting Vector are are normalized by the total time averaged power emitted from the oscillating point dipole. The grey arrows show the asymptotic direction of power flow for extremely high-k states for an ideal HMM.
In the weak coupling limit, the quantum mechanical approach and the semi-classical theory are equivalent.
Using this approach, we find for a point dipole with dipole moment µ placed a distance d above (or embedded in) a HMM planar slab, the decay rate enhancement (relative to vacuum) to be
where k is the wavevector parallel to the interface of the HMM, and η is the intrinsic quantum yield. Here ρ(λ, d, k) is the wavevector resolved local density of states (WLDOS) seen by the emitter, normalized by the LDOS of vacuum. The WLDOS takes into account the various modes of the system which is captured by the angular reflection spectrum.
where r (s) and r (p) are the reflection coefficients for s-and p-polarized light respectively. k 1 is the magnitude of the wavevector in the medium where the dipole resides
determined from the dispersion relation where the dipole resides spontaneously emitted radiation using the wavevector resolved local density of states (W-LDOS) [32] . This separates the density of states available to the emitter within the multilayer structure according to the modes characterized by the wavevector parallel to the layers (k x ).
Figure 2(b) shows the enhanced W-LDOS available to a single emitter embedded in a 30 nm thick layer of TiO 2 clad by realistic finite slabs of Ag/TiO 2 multilayer HMM (see figure 1(a) ).
We identify the series of bright vertical bands as high-k HMM waveguide modes that arise from coupled surface-plasmon-polaritons, and identify the last bright line as the gap mode. When the embedded layer thickness is kept above ≈ 30 nm, emission into the high-k modes of the HMM and hence resonance cones dominates the total decay enhancement β. When the embedded layer is smaller, emission into the gap plasmon mode and emission quenching begins to dominate the total decay enhancement β.
Two severe limitations on plasmonic approaches in general are the finite absorption length in the structure and non-radiative quenching. To study the propagation length of high-k modes in the hyperbolic metamaterial we plot the transfer function of a practical structure. Figure 2 (c) shows the transmission coefficient at the top of the multilayer HMM slab, and shows that the high-k HMM waveguide modes propagate a distance of L ≈ 170 nm to the edge of the slab, and therefore can be out coupled. A detailed account of non-radiative decay and quenching is provided later in this paper. We note that functioning away from resonance and optimizing the embedded layer thickness can lead to a large fraction of spontaneous emission directed into the high-k modes and hence resonance cones.
We emphasize that single photon sources based on the HMM high-k modes are fundamentally different than those based on MIM plasmonic modes [33, 34] , slow light modes [35] , localized plasmons [36, 37] and slot waveguide modes [38] . In MIM and slot waveguides, energy flow is along the MIM interfaces; while in HMM systems energy flows through the metal-dielectric multilayers at oblique angles. Furthermore, by examining the band structure in the W-LDOS calculation we observe that the group velocity v g = ∂ω/∂k does not vanish and the HMM waveguide modes are therefore, not slow light modes.
Near field scaling laws
Peaks in the WLDOS indicate dominant decay channels of the emitter, and as shown below, when the emitter is in the near-field of a HMM slab, it is dominated by unique high-k propagating waveguide modes. In the following sections, the interaction distance d dependence of β and ρ for an effective metamaterial and a physical realizable structure are investigated. To help elucidate the dependence on the interaction distance we compute the power law dependence of the decay rate enhancement on the distance n = d log β d log d
β(d) for Effective HMM Slabs
In this section, we treat the HMMs using effective medium theory. The systems studied are shown schematically in figure 3(a,b) . To compute the reflection coefficients required to calculate β and ρ for each of these two geometries, the fresnel reflection coefficients for plane waves incident on a finite slab are used. For the case of a dipole embedded between two finite HMM slabs the reflection coefficients are computed using plane wave reflection coefficients in the tunnel junction geometry which can found in [14] .
The calculated β and n are shown in figure 3(c,d) for a vertically oriented dipole at a wavelength of λ = 900 nm and for 370 nm thick metamaterial slabs consisting of Ag/TiO 2 with a metal filling fraction of 0.25. Realistic loss and dispersion were used for the effective medium computation [42, 43] . The metamaterial is predicted to be type 2 ( < 0, ⊥ > 0) above λ ≈ 720 nm; the predicted permittivity dispersion of this structure are shown in figure 8a. At λ = 900 nm, the dielectric response of the parallel and perpedicular compenent of the dielectric tensor are = −4.3 + i0.4 and ⊥ = 11.0 + i0.07
Due to confinement effects, the embedded dipole has a larger enhanced decay rate than the dipole simply above the effective medium HMM slab. Furthermore, in the limit of the dipole located very close to the HMM interface(s) d << λ/ √ , the decay rate enhancement is proportional to the inverse cube of the interaction distance β ∼ d −3 . This extreme near-field behaviour is attributed to emission into the unique high-k modes of the HMM and emission into lossy surface waves (quenching) which is discussed in more detail in the following sections. For large interaction distances where d ∼ λ/ √ , plane wave interference/field intensity effects govern the decay rate enhancement; this is discussed in more detail in the following sections.
β(d) for Practical Realization of HMMs: Multilayer Slabs
In this section, we treat the HMMs using a physical realizable multilayer structure. The systems studied are shown schematically in figure 4(a,b) . To compute the reflection coefficients required to calculate β and ρ, a transfer matrix method is used. The transfer matrix method can be generalized in the tunnel junction geometry, where the dipole is embedded between two multilayer stacks.
The calculated β and n are shown in figure 4 (c,d) at a wavelength of λ = 900 nm and a 4.5
period Ag/TiO 2 multilayer with thicknesses 10/30 nm respectively. Realistic loss and dispersion were used for the calculations [42, 43] . At λ = 900 nm, TiO 2 is lossless and the loss in the structure is due to silver which has Ag ≈ −40 + i1.7 The metamaterial is predicted to be type 2 ( < 0, ⊥ > 0) at this wavelength; the predicted effective medium dispersion of this structure can be found in figure 8(a) .
We observe that in general, the embedded dipole has a larger enhanced decay rate than the dipole simply above the multilayer. For large interaction distances where d ∼ λ/ √ , plane wave interference/field intensity effects govern the decay rate enhancement; this is observed in the low-k LDOS shown in following sections. When the dipole located extremely close to the HMM interface d << λ/ √ , the behaviour of the dipole located above the multilayer and the dipole embedded between the multilayers is different: there are different modes available for dipole to decay into in each geometry. This is elucidated through the high-k LDOS discussed in the following sections.
The wave vector resolved density of states ρ(λ, d, k) provides insight into the dominate decay channels of the emitter and helps explain the dependence of β on the interaction distance. Here we show the preferred decay channels of a dipole at various distances from an effective medium HMM and a physically realizable multilayer HMM. Figure 5 shows the calculated low-k LDOS for the four geometries considered in the previous two sections. We see distinct peaks in the LDOS which can attributed to propagating wave interference effects. When the waves interfere constructively at the location of the emitter, there is an enhancement in the electric field intensity, and thus an enhancement in the decay rate of the emitter. In the embedded case, the propagating wave interference is due in Fabry-Perot modes. Purely dielectric microresonators used to enhance spontaneous emission utilize these low-k modes.
Far-Field Interference
As the dipole is brought closer to the metal layers (embedded layer shrunk), the coupling to the high-k modes increases.For interaction distances smaller than approximately half the wavelength in the medium d ≤ 1/2 λ/ √ ≈ 150 nm near-field interactions begin to dominate, and emission into propagating waves (low-k modes) no longer takes place.
Near-Field Modes: EMT
When the dipole is located in the near field of the metamaterial, emission is directed into the high-k modes of HMM slab. In the effective medium limit, there is no upper cut-off on the allowed wave vectors, and as the dipole is brought closer to (embedded layer shrunk), extremely larger wave vector modes become available to the emitter. At very small distances, d/(λ/ √ ) 1 emission into these infinite amount of high-k propagating modes of the HMM contribute to the enhanced total decay rate as the inverse cube of the interaction distance β ∼ 1/d 3 [39] . However, there is a competing decay channel, namely quenching. If the emitter is brought extremely close to the interface then emission into lossy surface waves begins to dominate the emission into high-k HMM modes, thus β is mainly due to non-radiative decay. This is demonstrated in figure 6 which shows the WLDOS ρ(λ, d, k) for a perpendicular oriented dipole placed above a HMM slab and embedded between two HMM slabs. The geometry is the same as that used in figure 3 . As the emitter is brought closer to the HMM slab (embedded layer shrunk) coupling occurs to increasingly larger high-k propagating modes. These modes are interpreted as confined waveguide modes of the HMM slab. In the LDOS, these modes are manifested as distinct, relatively narrow peaks.
When the emitter is at extreme near-field distances quenching begins to dominate the total decay enhancement β. Quenching (emission into lossy surface waves) appears as a broad peak in the LDOS.
By separating the LDOS integral which determines the decay rate enhancement (equation 4)
into the two dominant decay channels, the decay rate enhancement due to the HMM waveguide modes (HMM) and the lossy surface waves (LSW) can be estimated from β ≈ β HM M + β LSW .
Such a separation is possible by calculating the area under the WLDOS corresponding only to HMM modes or to LSW. By examining figure 6 we conclude that at optical wavelengths and at intermediate near-field distance d ≈ 5 − 20 nm, emission into high-k HMM waveguide modes and hence resonance cones dominates in the EMT limit. For interaction distances of d < 5 nm, the emission is quenched, and the decay enhancement is largely unusable.
Near-Field Modes: Multilayer Realization
In the effective medium limit there is no upper cut-off on the transverse wave vector allowed by the medium. In a physical realizable system, the maximum transverse wave vector k that can be supported is inversely proportional to the unit cell size 1/a. As a result, there is a finite number of high-k modes supported by the multilayer HMM structure. This is demonstrated in figure 7 which shows the LDOS dependence on the interaction distances d for the two geometries shown in figure 4 .
As the emitter is brought closer the multilayer slab (embedded layer shrunk), additional high- nm, emission into high-k modes (β HM M ) is much greater than the other two contributions. These high-k modes contribute to emission into highly directive resonance cones. By moving the emitter closer to the multilayer HMM, emission into the gap mode and quenching begins to dominate the total decay enhancement. However, in contrast to the EMT case, when the emitter is embedded in an extremely small layer, emission into the gap plasmon mode dominates, not quenching, the other decay channels. This result is in agreement with [33] . The gap plasmon mode does not contribute to emission into resonance cones.
Topological transition assisted pumping scheme
We now address the critical challenge of pumping embedded emitters in metamaterials. Quite often the large impedance mismatch with vacuum leads to inefficient coupling of radiation to emitters placed inside such structures. We design our metamaterial to have a transparency window at the pumping wavelength and a large density of states (plasmonic response) only in the wavelength of emission. To understand the nature of spontaneously emitted radiation we consider the case of a high index superstrate ( >> 1) and define the Purcell factor using only propagating waves that reach the far-field. As expected, without the superstrate all the modes are confined to the structure and do not out couple to the far-field. However a very interesting transitional behavior is seen in the far-field with the high index superstrate. Figure 8b shows the predicted far-field Purcell factor F p of the emitter inside a practical metal-dielectric multilayer with a high-index superstrate ( ≈ 30).
Enhanced spontaneous emission reaches the far-field of the superstrate and there is a large increase in the Purcell factor exactly at the transition wavelength predicted by effective medium theory (λ OT T ). Note the broad bandwidth in which this Purcell factor occurs.
We now address the outcoupling of high-k modes which has been the significant limiting factor for all applications of hyperbolic metamaterials [39, 28] . Given the cylindrical symmetry of the dipole/multilayer system, we propose a Bullseye grating structure [40] to out couple the resonance cone to vacuum. Figure 9 (a) shows the proposed bullseye structure etched into an 85 nm TiO 2 layer on top of the Ag/TiO 2 HMM structure. Figure 9(b) shows that the far-field Purcell factor can exceed 6, and the spectral location of the maximum F p can be tuned by varying the Bullseye grating period Λ. It is worth emphasizing that the colour selective out coupling by the grating is a resonant phenomenon [41] , however the magnitude of the F p is due to the decay rate enhancement into the high-k HMM modes (resonance cones), which is fundamentally non-resonant and broadband.
Since the quantum emitter couples into specific metamaterial modes with a unique lateral wave vector k x (figure 2a), the Bullseye grating scatters these modes into well defined free space modes.
The directivity D gives a measure of the enhanced directivity of a given emission pattern relative to an isotropic point source; it is defined as D(θ) = P (θ)/(P rad /4π) where P (θ) is the power density at a given far-field angle θ and P rad /4π is the total power radiated into the far-field averaged over all solid angles. Figure 9 (c) shows the directivity on a linear scale for a grating period of Λ = 400 nm at the wavelength of maximum far-field Purcell factor λ ≈ 900 nm. We see that the Bullseye scatters the resonance cone into a highly directive well defined spatial mode: a thin conical shell with a half angle of θ ≈ 34 o .
In this investigation, we have considered a single period Bullseye grating which can be used to outcouple a single wavelength despite the fact that the HMM structure provides a spectrally broad decay rate enhancement. Recent work on broadband plasmonic scattering [44, 45] has demonstrated that efficient outcoupling of plasmons across the optical spectrum can be achieved with chirped gratings. Modification of the Bullseye grating design can lead to broadband outcoupling of the single photons. The HMM approach presented in this paper can be far more advantageous than microcavities for coupling with broadband emitters such as NV centers in diamond.
Conclusion
In conclusion, we have proposed a device using plasmonic metamaterials to efficiently extract single photons from broadband quantum emitters such as NV centers in diamond. Detailed analysis of quenching and non-radiative decay shows that the device can achieve a broadband purcell effect and directional far-field spontaneous emission despite the metal losses. Low mode volume confinement of the emitter and the ability to function away from plasmonic resonances holds the key to efficient outcoupling of light. The proposed structure will lead to a platform for understanding propagation of non-classical light in plasmonic metamaterials and can be integrated with other plasmonic structures for future nanoscale quantum information applications. (c) Decay rate enhancement β at λ = 900 nm is stronger when the dipole is embedded between two HMMs. (d) In the extreme near-field, the decay rate enhancement varies as the inverse cube of the interaction distance which is attributed to emission into high-k HMM modes and quenching. In the far-field, the decay rate enhancement is governed by plane wave interference effects. In the extreme near-field, the decay rate enhancement varies as the inverse cube of the interaction distance; this is attributed to (i) emission into a gap plasmon mode and quenching for the embedded emitter and (ii) emission quenching when the emitter is placed above the multilayer. In the far-field, the decay rate enhancement is governed by propagating wave interference effects. When the emitter is embedded between two HMM slabs the coupling to high-k HMM modes is slightly stronger and the onset of the strong near-field interactions occurs at larger d. At very small d, emission quenching begins to dominate. This is recognized as the wide smooth peak in ρ. Emission into the high-k HMM modes and emission quenching cause the total decay rate enhancement β to scale as d −3 in the extreme near-field. Figure 7 : Near-field LDOS -Multilayer System: Calculated wave vector resolved LDOS at various interaction distances at λ = 900 nm show that as the interaction distance d is decreased, additional high-k modes become accessible to the emitter. No high-k HMM modes exist above the cut-off (dashed line) related to the unit cell size. In the case of the emitter above the multilayer slab, the onset of emission into lossy surface waves (smooth broad peak) occurs at much smaller distances than in the EMT case. In the embedded case, we also see the presence of a gap plasmon mode, identified by the large peak which shifts with embedded layer thickness. This emission can be suppressed using the appropriate gap size. Again, the onset of emission into lossy surface waves occurs at smaller distances than in the EMT case. Figure 9 : (a) A subwavelength cylindrical Bullseye grating can be used to scatter the high-k states which are intrinsically confined to the HMM slab, into vacuum propagating modes. (b) FDTD simulations show that the spectral location of the maximum far-field Purcell factor F p can be tuned by varying the grating period. (c) The directivity D = P (θ)/(P tot /4π) is shown at the location of maximum far-field enhancement (Λ = 400 nm; λ max ≈ 900 nm). The emission from the bullseye occurs into a highly directive conical shell. The small grey curve shows the directivity of a dipole in TiO 2 . Directivity is a measure of the power density directed along a particular direction relative to an isotropic point source emitting the same total power.
